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In this paper, we study the group Hu(R) of uniform homeomorphisms having the uniform
topology together with two subgroups H∞(R) = {h ∈Hu(R); lim|x|→∞(h(x) − x) = 0} and
Hc(R), the group of compact support homeomorphisms. We show that the group Hu(R) is
homeomorphic to ∞ ×2ℵ0 and that the triple (Hu(R)0,H∞(R),Hc(R)) is homeomorphic
to (∞ × 2 × 2, {0} × 2 × 2, {0} × 2 ×  f2 ), where 2ℵ0 denotes a discrete space of
the cardinality of the continuum, while Hu(R)0 is the identity component of Hu(R) and

f
2 is the linear hull of the standard orthonormal basis of the separable Hilbert space 2.
We will also discuss the relations among Hu(R)0 and some function spaces containing it.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
We can consider several natural topologies on the homeomorphism group H(R) of the real line. In his unpublished
paper [1], Anderson has (essentially) shown that H(R) is homeomorphic to 2 × {2 points} with respect to the compact-
open topology, where 2 is the separable Hilbert space. The proof of this fact can also be found in [6]. In this paper, we
study several subgroups of H(R) equipped with the uniform topology (that is, the topology induced from the supremum
norm). In this topology, H(R) is not a topological group. Indeed, neither the multiplication nor the inverse operation on
H(R) is continuous. We naturally restrict our attention to its subgroups which are topological groups. The group of Hu(R)
of uniform homeomorphisms (that is, homeomorphisms h : R → R with both of h and h−1 uniformly continuous) is such
a subgroup.
The identity component Hu(R)0 of Hu(R) is easily shown to be non-separable (Lemma 2.5). We can naturally con-
sider its two separable subgroups H∞(R) and Hc(R); the former group consists of all homeomorphisms h : R → R with
lim|x|→∞(h(x) − x) = 0 and the latter consists of all homeomorphisms of R with compact supports. Let ∞ be the Banach
space of bounded real sequences with the supremum norm, and  f2 be the linear hull of the standard orthonormal basis of
the Hilbert space 2. The main result of this paper determines the topological type of the triple (Hu(R)0,H∞(R), Hc(R)):
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The groups H∞(R) and Hc(R) have been studied under several topologies other than the uniform topology. Banakh [2]
proved that Hc(R) endowed with the Whitney topology is homeomorphic to 2 × R∞ , where R∞ is the inductive limit of
the tower R1 ⊂ R2 ⊂ R3 ⊂ · · · . Recently, Banakh, Mine and Sakai [3] have implicitly shown that the pair (H∞(R),Hc(R))
equipped with the Whitney topology is homeomorphic to (ω2,ω2), where ω2 stands for the box product of count-
ably many copies of 2 and ω2 means the subspace of ω2 consisting of only ﬁnitely many nonzero terms. Indeed,
in Proposition 11.5 of [3], it is shown that (H∞(R+),Hc(R+)) equipped with the Whitney topology is homeomorphic
to (ω2,ω2), where R+ = [0,∞). Then, it follows from the argument in the proof of Proposition 12.1 of [3] that
(H∞(R),Hc(R)) ≈ (H∞(R+)2 × R,Hc(R+)2 × R) ≈ (ω2 × R,ω2 × R) ≈ (ω2,ω2). Using a result from the same
paper [3], as explained in the following remark, it can be shown that (H+(R),Hc(R)) equipped with the compact-open
topology is homeomorphic to (2 × 2, 2 ×  f2 ), where H+(R) is the group of all orientation-preserving homeomorphisms.
Remark 1.1. Actually, in the paper [3], the pair (H+(R),Hc(R)) with the compact-open topology is shown to be homeo-
morphic to ((2)N, (2)Nf ), where
(2)
N
f =
{
(xn) ∈ (2)N; xn = 0 except for ﬁnitely many n
}
.
However, ((2)N, (2)Nf ) is in fact homeomorphic to (2 × 2, 2 ×  f2 ). Indeed, we can easily show that the former pair
is (s × s, s × σ)-manifold using [10, Theorem 1.2], where s is the countable product (−1,1)N and σ is the subspace of s
consisting of sequences with only ﬁnitely many nonzero terms. This manifold is in fact (s× s, s×σ) itself, since (s× s, s×σ)-
manifold is determined from its homotopy type [10, Corollary 2.4(2)(i)]. Finally, there is a homeomorphism (s, σ ) ≈ (2,  f2 ):
see Bessaga and Pełczyn´ski [5, Chapter VIII, Theorem 3.1].
The above theorem for uniform topology complements these studies on H∞(R) and Hc(R) with other topologies.
We can consider some larger spaces containing Hu(R). For example, the space Huc(R) of uniformly continuous home-
omorphism (not necessarily having uniformly continuous inverse) and the space of H(R) all homeomorphism are such
spaces. The latter space is in turn contained in slightly larger space M(R) of non-decreasing continuous maps. In the last
section of this paper, we shall discuss the relation among Hu(R)0 and the identity components of spaces mentioned above.
2. The group of uniform homeomorphisms ofR
In this paper, N denotes the set of positive integers. A homeomorphism f : R → R is said to be a uniform homeomorphism
if f and f −1 are both uniformly continuous. The set of all uniform homeomorphisms of R is a group with respect to the
composition, which we denote by Hu(R). We put the uniform topology on this group, that is, the topology generated by the
(possibly inﬁnite-valued) sup-metric
d( f , g) = sup
x∈R
∣∣ f (x) − g(x)∣∣ ∈ [0,∞].
Lemma 2.1. The group Hu(R) is a topological group.
Proof. For brevity, we write H for Hu(R). We prove that the map H × H → H deﬁned by ( f , g) 	→ f g−1 is contin-
uous. Take any f0, g0 ∈ H and ε > 0. Since f0 is uniformly continuous, there is a δ1 > 0 such that |x − x′| < δ1 im-
plies | f0(x) − f0(x′)| < ε/2. Since g−10 is also uniformly continuous, there exists a δ2 > 0 such that |y − y′| < δ2 implies
|g−10 (y) − g−10 (y′)| < δ1.
Take any f , g ∈ H with d( f , f0) < ε/2 and d(g, g0) < δ2. Take any y ∈ R and let x = g−1(y). Then, since
|g(x) − g0(x)| < δ2,∣∣g−1(y) − g−10 (y)∣∣= ∣∣x− g−10 g(x)∣∣= ∣∣g−10 g0(x) − g−10 g(x)∣∣< δ1,
which in turn implies that | f0g−1(y) − f0g−10 (y)| < ε/2. This shows d( f0g−1, f0g−10 )  ε/2. Since d( f g−1, f0g−1) =
d( f , f0) < ε/2, we have
d
(
f g−1, f0g−10
)
 d
(
f g−1, f0g−1
)+ d( f0g−1, f0g−10 )< ε/2+ ε/2 = ε,
which shows the required continuity. 
Remark 2.2. In the above proof, the real line R can be clearly replaced by any metric space.
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Hu(R)0 =
{
h ∈ Hu(R); d(h, idR) < ∞
}
.
Here, the subscript 0 in Hu(R)0 means “the identity component”. This is justiﬁed as follows: it is easy to see that Hu(R)0
is an open subgroup of Hu(R). As we shall see in the next lemma, Hu(R)0 is path-connected. Consequently, Hu(R)0 is
equal to the connected component of Hu(R) containing the identity.
Let C(R) be the space of all continuous maps from R into itself equipped with the (possibly inﬁnite-valued) sup-metric d.
Consider the subspaces
C∗(R) = { f ∈ C(R); f is bounded}
and
C(R)0 =
{
f ∈ C(R); d( f , idR) < ∞
}
of C(R). Then, Hu(R)0 can be thought of as a subspace of C(R)0. Notice that C∗(R) is a Banach space with the sup-norm.
We can deﬁne a natural isometry ϕ : C(R)0 → C∗(R) by ϕ( f ) = f − idR . Since C∗(R) is path-connected, it follows that
C(R)0 is the component of idR in C(R).
Lemma 2.3. The set ϕ(Hu(R)0) is convex in the Banach space C∗(R), and hence Hu(R)0 is an AR.
Proof. Take any f , g ∈ Hu(R)0 and t ∈ [0,1]. To see that (1 − t)ϕ( f ) + tϕ(g) ∈ ϕ(Hu(R)), it is enough to show that h =
(1− t) f + tg ∈ Hu(R)0, because(
(1− t)ϕ( f ) + tϕ(g))(x) = (1− t)( f (x) − x)+ t(g(x) − x)
= ((1− t) f + tg − idR)(x)
= ϕ((1− t) f + tg)(x).
It is easy to see that h is a strictly increasing continuous function onto R, that is, a homeomorphism of R. From
d( f , idR) < ∞ and d(g, idR) < ∞, it follows that d(h, idR) < ∞. It is straightforward to see the uniform continuity of h.
It remains to show the uniform continuity of h−1. For any ε > 0, choose δ > 0 such that |y − y′| < δ implies
| f −1(y)− f −1(y′)| < ε and |g−1(y)− g−1(y′)| < ε. Take any y, y′ ∈ R with y < y′ < y + δ and let x = h−1(y), x′ = h−1(y′).
Then, it follows that x < x′ and
y′ − y = h(x′)− h(x) = (1− t)( f (x′)− f (x))+ t(g(x′)− g(x)),
which implies that either 0 < f (x′) − f (x) y′ − y or 0 < g(x′) − g(x) y′ − y holds. In the former case, | f (x′) − f (x)|
|y′ − y| < δ and hence |x′ − x| = | f −1 f (x′) − f −1 f (x)| < ε, which means |h−1(y) − h−1(y′)| < ε. The latter case can be
treated similarly. 
We further examine some elementary topological properties of Hu(R), that is, the complete metrizability and the density
of Hu(R). Notice that
d¯( f , g) = d( f , g) + d( f −1, g−1)
also gives a metric on Hu(R) compatible with the topology, since Hu(R) is a topological group. The metric d¯ is easily seen
to be complete, and hence we have
Lemma 2.4. The topological group Hu(R) is completely metrizable.
As for the density of Hu(R), we have the following:
Lemma 2.5. Both the topological group Hu(R) and its identity component Hu(R)0 have the density 2ℵ0 .
Here, the density of a space X , denoted by dens(X), means the minimal cardinality of dense sets of X . For a metrizable
space X , it coincides with the weight of X , which is deﬁned to be the minimal cardinality of open bases for X .
Proof of Lemma 2.5. Since Hu(R)0 ⊂ Hu(R), we have the inequality dens(Hu(R)0)  dens(Hu(R)). Thus, it remains to
show that dens(Hu(R)0) 2ℵ0 and that dens(Hu(R)) 2ℵ0 .
To see dens(Hu(R)0)  2ℵ0 , it suﬃces to construct a subset F ⊂ Hu(R)0 of cardinality 2ℵ0 such that for all distinct
f , f ′ ∈ F we have d( f , f ′)  1/2. Let Γ be the set of all functions Z → {−1,+1}. For each γ ∈ Γ , let f ′γ : R → R be the
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see that fγ = idR + f ′γ belongs to Hu(R)0 and F = { fγ ; γ ∈ Γ } ⊂ Hu(R)0 satisﬁes our requirements.
To see dens(Hu(R)) 2ℵ0 , simply notice that |Hu(R)| 2ℵ0 , where the notation |X | means the cardinality of a set X .
Indeed, each element h of Hu(R) is determined by the restriction h|Q : Q → R, but the set of all functions from Q to R has
the cardinality |R||Q| = (2ℵ0 )ℵ0 = 2ℵ0 . Obviously dens(Hu(R)) |Hu(R)|, and hence, dens(Hu(R)) 2ℵ0 as required. 
The next result is a crucial tool to determine the topological type of Hu(R). A space X is said to have the countable
locally ﬁnite approximation property, or ω-LFAP, if for all open covers U of X there exist continuous maps Fn : X → X (n ∈ N)
which are U -close to the identity such that (Fn(X))n∈N is locally ﬁnite in X .
Theorem 2.6. (Banakh and Zarichnyy [4]) Let X be a topological group or a convex set in a linear metric space. Then, X is home-
omorphic to (a manifold modeled on) an inﬁnite-dimensional Hilbert space if and only if X is a completely metrizable A(N)R with
ω-LFAP.
Having this theorem in mind, we prove the following lemma.
Lemma 2.7. The topological group Hu(R)0 has ω-LFAP.
Proof. For brevity, we denote Hu(R)0 by H. Let U be an open cover of H. We can take a continuous function α : H → (0,1]
which is non-expanding (that is, |α(h) − α(h′)|  d(h,h′) for all h,h′ ∈ H) such that for each h ∈ H there exists a U ∈ U
with B¯(h,α(h)) ⊂ U , where B¯(h, r) is the closed ball centered at h with radius r. To construct such an α, take a locally ﬁnite
open cover V of H reﬁning U . Then α : H → (0,1] deﬁned by α(h) = 2−1 supV∈V d(h,H \ V ) has the required property.
Then it is enough to construct Fn : H → H (n ∈ N) for which (Fn(H))n∈N is locally ﬁnite in H and d(Fn(h),h) α(h) for
every h ∈ H.
Let a,b, c,d be real numbers with a < b < d and a < c < d. If b  c, let ϕa,b,c,d : R → R be the piecewise linear home-
omorphism of R which is identity outside the interval [a,d] and takes the intervals [a,b] and [b,d] linearly onto [a, c]
and [c,d]. If b > c, we deﬁne ϕa,b,c,d = idR . Notice that d(ϕa,b,c,d, id) = max{0, c − b}, and that (a,b, c,d) 	→ ϕa,b,c,d is a
continuous map from {(a,b, c,d) ∈ R4; a < b < d and a < c < d} to H.
We deﬁne Fn(h) ∈ H for each n ∈ N and h ∈ H by
Fn(h) = ϕa,b,a+α(h),b+α(h) ◦ h,
where a = h(0) and b = h(α(h)/n). Observe that a < b < b + α(h) and a < a + α(h) < b + α(h), hence Fn(h) is certainly
deﬁned. Then, it is easy to see the following facts:
(0) Fn(h)(0) = h(0).
(1) Fn : H → H is continuous.
(2) d(Fn(h),h) < α(h) holds for h ∈ H.
(3) Fn(h)(α(h)/n) h(0) + α(h).
In view of (1) and (2), it remains only to show that (Fn(H))n∈N is locally ﬁnite in H. Suppose this family is not locally
ﬁnite. Then, we can take an increasing sequence n1 < n2 < · · · in N, g j ∈ H ( j ∈ N) and h ∈ H such that h j = Fn j (g j) → h
as j → ∞. Notice that we have h j(0) = g j(0) by (0). Then, since α is non-expanding,
α(h j) α(g j) +
∣∣α(h j) − α(g j)∣∣
= α(g j) +
∣∣α(Fn j (g j))− α(g j)∣∣
 α(g j) + d
(
Fn j (g j), g j
)
< α(g j) + α(g j),
which means α(h j)/2 α(g j).
Let α0 = α(h)/3 > 0. By α(g j)  α(h j)/2 → α(h)/2 > α0, there exists a j0 ∈ N such that j  j0 implies α(g j) > α0.
Deﬁne h¯ j ∈ H ( j ∈ N) and h¯ ∈ H by h¯ j(x) = h j(x) − h j(0) and h¯(x) = h(x) − h(0). Then h¯ j → h¯ as j → ∞ and h¯ j(0) =
h¯(0) = 0.
Since h¯ is continuous at 0, there exists a δ > 0 such that h¯(δ) < α0. Since α(g j)/n j  1/n j → 0 as j → ∞, there exists a
j1  j0 such that α(g j)/n j < δ whenever j  j1. Then, for j  j1, we have
h¯ j(δ) h¯ j
(
α(g j)/n j
)
= h j
(
α(g j)/n j
)− h j(0)
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(
α(g j)/n j
)− g j(0)
 α(g j) > α0
due to (3) and h j(0) = g j(0). Letting j → ∞, we have h¯(δ)  α0, which contradicts the choice of δ. The proof is com-
plete. 
Let us denote by ∞ the Banach space of all bounded sequences of real numbers endowed with the sup-norm. It is well
known that ∞ has the weight 2ℵ0 . Now we are able to prove the main result of this section:
Theorem 2.8. There is a homeomorphism Hu(R)0 ≈ ∞ .
Proof. By Lemmas 2.1, 2.3, 2.4 and 2.5, Hu(R)0 is a completely metrizable topological group of density 2ℵ0 which is an AR.
Then, it follows from Lemma 2.7 and Theorem 2.6 that Hu(R)0 is homeomorphic to the Hilbert space H of density 2ℵ0 . By
[9, Theorem 6.1], any Banach space is homeomorphic to the Hilbert space (of the same density). This in particular means
that H is homeomorphic to ∞ . 
In the next statement, the cardinal 2ℵ0 is assumed to have the discrete topology.
Corollary 2.9. There is a homeomorphism Hu(R) ≈ ∞ × 2ℵ0 .
Proof. Recall that the identity component Hu(R)0 is an open subgroup of Hu(R). Then, Hu(R) is the topological sum of
its connected components, all of which is homeomorphic to Hu(R)0. The number of components does not exceed 2ℵ0 ,
since Hu(R) has the density (in fact cardinality) 2ℵ0 by Lemma 2.5. On the other hand, Hu(R) does have 2ℵ0 components.
Indeed, for each distinct α,β ∈ R \ {0} we have d(hα,hβ) = ∞, where hc is an element of Hu(R) deﬁned by hc(x) = cx.
Thus, hα and hβ must lie in the different components in Hu(R) if α = β . Thus, Hu(R) has exactly 2ℵ0 components and the
result follows from Theorem 2.8. 
3. The topological type of the triple (Hu(R)0,H∞(R),Hc(R))
Let H∞(R) be the set of all homeomorphisms h : R → R such that lim|x|→∞(h(x) − x) = 0 and let Hc(R) be the set of
homeomorphisms with compact supports, that is, homeomorphisms h : R → R such that h|R\K = id for some compact set
K ⊂ R.
It is easy to see that H∞(R) is a subgroup of Hu(R)0 and that Hc(R) is a subgroup of H∞(R).
Lemma 3.1. The group H∞(R) is a closed subgroup of Hu(R)0 .
Proof. First we show the inclusion H∞(R) ⊂ Hu(R)0. Let h ∈ H∞(R). To see that h is uniformly continuous, let ε > 0.
Take C > 0 such that |x|  C implies |h(x) − x| < ε/3. Since h|[−(C+1),C+1] is uniformly continuous, there exists a
0 < δ < min{1, ε/3} such that |h(x) − h(x′)| < ε whenever |x|, |x′|  C + 1 and |x − x′| < δ. Take arbitrary x, x′ ∈ R with
|x− x′| < δ(< 1). Then, either |x|, |x′| C or |x|, |x′| C + 1 holds. In the former case,∣∣h(x) − h(x′)∣∣ ∣∣h(x) − x∣∣+ ∣∣x− x′∣∣+ ∣∣x′ − h(x′)∣∣
< ε/3+ δ + ε/3 < ε,
and in the latter case, directly we have |h(x) − h(x′)| < ε. Thus, h is uniformly continuous. Since H∞(R) forms a group,
h−1 is also in H∞(R) and hence is uniformly continuous by the above argument. Therefore, h ∈ Hu(R). It follows that
d(h, idR) < ∞ since h(x) − x → 0 as |x| → ∞. We conclude that h ∈ Hu(R)0.
To see H∞(R) is closed in Hu(R)0, let h ∈ Hu(R)0 \ H∞(R). Then there exists an ε0 > 0 such that, for every C > 0,
we can ﬁnd x ∈ R with |x| C and |h(x) − x| ε0. Take any h′ ∈ Hu(R)0 with d(h′,h) < ε0/2. Then, it is easy to see that
h′ /∈ H∞(R). This means that H∞(R) is closed in Hu(R)0. 
By the above lemma, we have inclusions Hc(R) ⊂ H∞(R) ⊂ Hu(R)0. In what follows, we determine the topological type
of the triple (Hu(R)0,H∞(R),Hc(R)).
Lemma 3.2. The group Hc(R) is an Fσ -set in H∞(R).
Proof. For each n ∈ N, let Fn = {h ∈ H∞(R); h|R\(−n,n) = id}. Then Fn is closed in H∞(R) and Hc(R) =⋃n∈N Fn . 
Lemma 3.3. The topological group H∞(R) is an AR.
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Lemma 3.4. The topological group H∞(R) is separable.
Proof. For n ∈ N, let Dn be the set of all h ∈ H∞(R) such that
• h|R\(−n,n) = id,
• h(m/2n) ∈ Q for all −n · 2n m n · 2n , and
• h is linear on [m/2n, (m + 1)/2n] for all −n · 2n m n · 2n .
Then, Dn is clearly countable and hence D =⋃n∈N Dn is also countable. We show that D is dense in H∞(R). Let h ∈ H∞(R)
and ε > 0. Since h ∈ Hu(R)0 by the previous lemma, there exists an n ∈ N such that |x − x′| < 2−n implies |h(x) − h(x′)| <
ε/3.
We can take qm ∈ Q for each m ∈ Z so that
• |h(m/2n) − qm| < ε/3,
• qm < qm+1, and
• qm = h(m/2n) if |m| is suﬃciently large.
Indeed, h(x + 2−n) − h(x) tends to 2−n as |x| → ∞ since h ∈ H∞(R), and hence δ = minm∈Z(h((m + 1)/2n) − h(m/2n)) is
positive. If we take qm ∈ Q such that |h(m/2n)−qm| < min{ε/3, δ/2}, our requirements except for the last item are satisﬁed.
Since h ∈ H∞(R), we can choose qm ’s so that the last item is also satisﬁed.
Deﬁne g : R → R as the piecewise linear map which takes [m/2n, (m + 1)/2n] linearly onto [qm,qm+1] for each m ∈ Z.
Then, clearly we have g ∈ D . To show that d(g,h) ε, let x ∈ R. Choose m ∈ Z such that m/2n  x (m + 1)/2n . We have∣∣g(x) − h(x)∣∣ ∣∣g(x) − g(m/2n)∣∣+ ∣∣g(m/2n)− h(m/2n)∣∣+ ∣∣h(m/2n)− h(x)∣∣
 (qm+1 − qm) + ε/3+ ε/3 < 3 · ε/3 = ε,
which shows that D is dense in H∞(R). 
A subset A of a space X is called homotopy dense in X if there exists a homotopy H : X × I → X such that H0 = idX and
Ht(X) ⊂ A for all t ∈ (0,1]. Let (E, F ) be a pair of metrizable spaces. Then a pair (X, A) of metrizable spaces is called an
(E, F )-manifold if there is an open cover U of X such that for all U ∈ U , there is an open set V in E such that (U ,U ∩ A) is
homeomorphic to (V , V ∩ F ).
Let s be the countable product (−1,1)N of open intervals and let σ be the subspace σ = {(xn) ∈ s; xn = 0 except for
ﬁnitely many i} of s. We use the following result of Yagasaki [10, Theorem 1.2] to detect the topology of the pair
(H∞(R),Hc(R)).
Theorem 3.5. A pair (X, A) is an (s × s, s × σ)-manifold if and only if
(1) X is separable completely metrizable ANR and A is Fσ in X,
(2) A is homotopy dense in X, and
(3) (X, A) is (s × s, s × σ)-stable, that is, there is a homeomorphism (X × s × s, A × s × σ) ≈ (X, A).
Lemma 3.6. Hc(R) is homotopy dense in H∞(R).
Proof. We use the interval [2,∞] instead of [0,1] (with ∞ ∈ [2,∞] corresponding to 0 ∈ [0,1]). Fix a homotopy F : R ×
[2,∞) → R such that
(1) Ft |[−(t−1),t−1] = id,
(2) |Ft(x) − Ft(x′)| |x− x′|, and
(3) Ft is a homeomorphism from R onto the open interval (−t, t).
For h ∈ H∞(R) and 2 t < ∞, we deﬁne H(h, t) : R → R by
H(h, t)(x) =
{
Ft ◦ h ◦ F−1t (x) if |x| < t,
x if |x| t.
It is easy to see that H(h, t) is a homeomorphism, and hence belongs to Hc(R). When t = ∞, we deﬁne H(h,∞) = h
for each h ∈ H∞(R). Thus we obtain a map H : H∞(R) × [2,∞] → H∞(R).
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H is continuous at each point in H∞ × {∞}, take an arbitrary h0 ∈ H∞(R). Then, we can take R > 0 so large that |x| R
implies |h0(x) − x| < ε/3. Take any t ∈ [max{2, R + 1},∞) and h ∈ H∞(R) with d(h,h0) < ε/3. Take an arbitrary x ∈ R. If
|x| t , in which case |x| R , we have |H(h, t)(x) − h0(x)| = |x − h0(x)| < ε/3. If |x| t − 1, we have |H(h, t)(x) − h0(x)| =
|h(x) − h0(x)| < ε/3 by (1). If t − 1 |x| t , by virtue of |F−1t (x)| t − 1 R (which is a consequence of (1)) and of (2),∣∣H(h, t)(x) − h0(x)∣∣ ∣∣H(h, t)(x) − H(h0, t)(x)∣∣+ ∣∣H(h0, t)(x) − h0(x)∣∣

∣∣Ft ◦ h ◦ F−1t (x) − Ft ◦ h0 ◦ F−1t (x)∣∣+ ∣∣Ft ◦ h0 ◦ F−1t (x) − h0(x)∣∣

∣∣h ◦ F−1t (x) − h0 ◦ F−1t (x)∣∣+ ∣∣Ft ◦ h0 ◦ F−1t (x) − x∣∣+ ∣∣x− h0(x)∣∣
 d(h,h0) +
∣∣Ft ◦ h0 ◦ F−1t (x) − Ft ◦ F−1t (x)∣∣+ ε/3
 d(h,h0) +
∣∣h0 ◦ F−1t (x) − F−1t (x)∣∣+ ε/3
 d(h,h0) + ε/3+ ε/3 < ε.
Thus, it follows that d(H(h, t), H(h0,∞)) = d(H(h, t),h0) < ε, and hence H is continuous. The homotopy H : H∞(R) ×
[2,∞] → H∞(R) satisﬁes H∞ = id and Ht(H∞(R)) ⊂ Hc(R) for t < ∞. 
Lemma 3.7. The pair (H∞(R),Hc(R)) is (s × s, s × σ)-stable.
Proof. It is enough to show that (H∞(R),Hc(R)) ≈ (X × s × s, Y × s × σ) for some pair (X, Y ).
Let us consider the points ξn = 1/2n and ηn = n for n ∈ N, and take a decreasing sequence (εn)n∈N of positive numbers
such that εn → 0 as n → ∞ while moreover{[ξn − εn, ξn + εn]; n ∈ N}∪ {[ηn − εn, ηn + εn]; n ∈ N}
is a discrete family in R. For h ∈ H∞(R) we deﬁne fn(h) and gn(h) (n ∈ N) by(
h(ξn − εn) + h(ξn + εn)
)
/2 = h(ξn + fn(h)εn)
and (
h(ηn − εn) + h(ηn + εn)
)
/2 = h(ηn + gn(h)εn).
Then, fn(h), gn(h) ∈ (−1,1) since h is a homeomorphism, and it is easy to see that fn, gn : H∞(R) → (−1,1) are continuous.
Thus, we can deﬁne continuous maps F ,G : H∞(R) → s by
F (h) = ( fn(h))∞n=1 and G(h) = (gn(h))∞n=1.
Notice that G(Hc(R)) ⊂ σ .
For λ = (λn)∞n=1 ∈ s and μ = (μn)∞n=1 ∈ s, deﬁne ϕ(λ,μ) : R → R to be the homeomorphism which is identity on the
complement of
⋃∞
n=1(ξn −εn, ξn +εn)∪
⋃∞
n=1(ηn −εn, ηn +εn) and is linear on each of [ξn −εn, ξn], [ξn, ξn −εn], [ηn −εn, ηn]
and [ηn, ηn − εn] (n ∈ N) with
ϕ(λ,μ)(ξn) = ξn + λnεn
and
ϕ(λ,μ)(ηn) = ηn + μnεn.
Then ϕ(λ,μ) ∈ H∞(R) since |ϕ(λ,μ)(x) − x| < εn when |x|  n and εn → 0 as n → ∞. Moreover, it also follows from
εn → 0 as n → ∞ that the map ϕ : s × s → H∞(R) is continuous. Notice that ϕ(s × σ) ⊂ Hc(R).
Let 0 denote the point of s = (−1,1)N whose coordinates are all 0. Let X = {h ∈ H∞; F (h) = G(h) = 0} and let Y =
X ∩ Hc(R). Deﬁne Φ : H∞(R) → X × s × s by
Φ(h) = (h ◦ ϕ(F (h),G(h)), F (h),G(h)).
Since h ◦ ϕ(F (h),G(h))(ξn) = h(ξn + fn(h)εn) = (h(ξn − εn) + h(ξn + εn))/2 for each n ∈ N, we have F (h ◦ ϕ(F (h),G(h))) = 0,
and similarly G(h ◦ϕ(F (h),G(h))) = 0. This means that Φ is well deﬁned. It is continuous since F ,G and ϕ are continuous.
Notice that Φ(Hc(R)) ⊂ Y × s × σ .
Deﬁne Ψ : X × s × s → H∞(R) by Ψ (h, λ,μ) = h ◦ ϕ(λ,μ)−1. Then Ψ is continuous since ϕ is continuous. Clearly we
have Ψ ◦ Φ = id. To prove that Φ ◦ Ψ = id, take an arbitrary (h, λ,μ) ∈ X × s × s. Notice that F (h ◦ ϕ(λ,μ)−1) = λ since
F (h) = 0, and that G(h ◦ ϕ(λ,μ)−1) = μ since G(h) = 0. Then,
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(
Ψ (h, λ,μ)
)= Φ(h ◦ ϕ(λ,μ)−1)
= (h ◦ ϕ(λ,μ)−1 ◦ ϕ(λ,μ),λ,μ)
= (h, λ,μ),
which means Φ(Ψ (h, λ,μ)) = (h, λ,μ) as required. Finally, notice that Ψ (Y × s × σ) ⊂ Hc(R). We have shown that Φ and
Ψ give reciprocal homeomorphisms between pairs (H∞(R),Hc(R)) and (X × s × s, Y × s × σ). 
Let 2 denote the separable Hilbert space {(xn)∞n=1; xn ∈ R,
∑∞
n=1 x2n < ∞} and let  f2 be the subspace {(xn) ∈ 2; xn = 0
except for ﬁnitely many n} of 2. It is known that there is a homeomorphism of pairs (s, σ ) ≈ (2,  f2 ) (see Bessaga and
Pełczyn´ski [5, Chapter VIII, Theorem 3.1]).
Now we can prove our main result in this paper. Recall that a closed subset A of a metric space X is called a Z-set in X
if for every open cover U of X there is an f : X → X which is U -close to the identity such that f (X) ⊂ X \ A.
Theorem 3.8. There exists a homeomorphism of triples(Hu(R)0, H∞(R), Hc(R))≈ (∞ × 2 × 2, {0} × 2 × 2, {0} × 2 ×  f2 ).
Proof. We have already checked that (H∞(R),Hc(R)) satisﬁes the conditions (1)–(3) in Theorem 3.5. Namely, H∞(R) is
an AR by Lemma 3.3, completely metrizable by Lemmas 2.4 and 3.1, and is separable by Lemma 3.4. Moreover, Hc(R) is Fσ
in H∞(R) by Lemma 3.2. Thus, the condition (1) is satisﬁed. Lemmas 3.6 and 3.7 say that the conditions (2) and (3) are
also satisﬁed.
Therefore by Theorem 3.5, (H∞(R),Hc(R)) is an (s × s, s × σ)-manifold. Since H∞(R) is an AR and is in particular
contractible, it follows that (H∞(R),Hc(R)) ≈ (s × s, s × σ) by [10, Corollary 2.4(2)(i)]. As noticed above, (s, σ ) is homeo-
morphic to (2, 
f
2 ), so there exists a homeomorphism h : (H∞(R),Hc(R)) → (2 × 2, 2 ×  f2 ).
Being a Banach space of density 2ℵ0 , the space ∞ × 2 × 2 is homeomorphic to ∞ by [9, Theorem 6.1]. Therefore by
Theorem 2.8, there exists a homeomorphism g : Hu(R)0 → ∞ × 2 × 2.
Since H∞(R) is closed in Hu(R)0 as noticed in Lemma 3.1 and dens(H∞(R)) = ℵ0 < 2ℵ0 = dens(Hu(R)0) by Lem-
mas 2.5 and 3.4, it follows from [9, Lemma 6.3] that H∞(R) is a Z-set in Hu(R)0. By the same reason, {0} × 2 × 2 is
a Z-set in ∞ × 2 × 2. Since h ◦ g−1 : g(H∞(R)) → {0} × 2 × 2 is a homeomorphism between Z-sets in ∞ × 2 × 2,
by the unknotting theorem for Z-sets (see [7, §3]), there exists a homeomorphism H of ∞ × 2 × 2 onto itself such that
H|g(H∞(R)) = h◦ g−1. Then, the composition H ◦ g gives a homeomorphism from (Hu(R)0,H∞(R),Hc(R)) to (∞ ×2 ×2,
{0} × 2 × 2, {0} × 2 ×  f2 ). 
4. Several function spaces containingHu(R)0
The homeomorphism group Hu(R)0 is contained in some naturally deﬁned function spaces, which are no longer topo-
logical groups but still possess composition operation. In this section, we investigate the relation among Hu(R)0 and such
spaces.
To give speciﬁc examples of function spaces, it is convenient to introduce some notations. Let C(R) denote the space of
all continuous maps R → R and let C(R)0 = { f ∈ C(R); d( f , id) < ∞} as in Section 2. Moreover, we let H(R) = {h ∈ C(R);
h is a homeomorphism} and M(R) = {h ∈ C(R); h is non-decreasing}. All of these spaces (and their subspaces) are
equipped with uniform topology, and by d we understand the sup-metric on them. Notice that H(R) is not a topologi-
cal group, because the composition (h,k) 	→ h ◦ k is not continuous at (h, id) if h is not uniformly continuous.
We shall be interested in the following function spaces, each of which contains Hu(R)0 as a subspace:
M(R)0 =
{
f ∈ C(R)0; f is non-decreasing
}
,
H(R)0 = H(R) ∩ C(R)0,
Huc(R)0 =
{
f ∈ H(R)0; f is uniformly continuous
}
.
Then, clearly, there are inclusions Hu(R)0 ⊂ Huc(R)0 ⊂ H(R)0 ⊂ M(R)0. Notice that H(R)0 is not a topological group by
the same reason as H(R). The spaces M(R)0 and Huc(R)0 are not even groups, but closed under composition. The com-
position operation is continuous on Huc(R)0, but not on M(R)0. As in Hu(R)0 and C(R)0, the subscripts 0 mean “the
identity component”: for example, M(R)0 is the component of M(R) containing the identity.
Lemma 4.1. The spaces M(R)0,H(R)0 and Huc(R)0 above are all completely metrizable and of density 2ℵ0 .
Proof. That these spaces are of weight 2ℵ0 can be proved in the same way as Lemma 2.5. To see the complete metrizability,
ﬁrst notice that C(R)0 is completely metrizable, being isometric to the Banach space C∗(R) (see before Lemma 2.3). Since
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is enough to show that H(R)0 is Gδ in M(R)0. Each element h of M(R)0 is surjective, since d(h, id) < ∞. Thus, h ∈ M(R)0
belongs to H(R)0 if and only if it is injective, that is, strictly increasing. Let S be the set of pairs (x, y) such that x, y ∈ Q
and x < y. Then, S is countable and
H(R)0 =
⋂
(x,y)∈S
{
h ∈ M(R)0; h(x) < y
}
,
which means that H(R)0 is Gδ in M(R)0. Finally, Huc(R)0 is also completely metrizable, since it is closed in H(R)0. 
Lemma 4.2. The spaces M(R)0,H(R)0 and Huc(R)0 are homeomorphic to convex sets in a Banach space C∗(X).
Proof. Notice that if h,k ∈ C(R)0 and both h and k are homeomorphisms, non-decreasing or uniformly continuous, then
the same holds for the convex combination (1− t)h + tk for each 0 t  1. Recall the isometry ϕ : C(R)0 → C∗(R) deﬁned
by ϕ(h) = ϕ − id considered in Lemma 2.3. This ϕ preserves the convex combinations. Thus, by the above observation, the
images M(R)0,H(R)0 and Huc(R)0 under ϕ are convex in the Banach space C∗(R). Since ϕ is a homeomorphism, we have
the conclusion. 
Proposition 4.3. The following holds:
(1) Hu(R)0 is homotopy dense in Huc(R)0 .
(2) H(R)0 is homotopy dense in M(R)0 .
Proof. (1) Deﬁne F : Huc(R)0 × [0,1] → Huc(R)0 by
F (h, t) = (1− t)h + t · id (h ∈ Huc(R)0, 0 t  1).
Then, we can readily check that it is well deﬁned, that is, (1 − t)h + t · id ∈ Huc(R)0 for each h ∈ Huc(R)0. To see that F
is continuous, notice that F (h, t) = (1− t)(h − id) + id and that h − id is bounded. We claim that the homotopy F satisﬁes
Ft(Huc(R)0) ⊂ Hu(R)0 for each t > 0. To see this, take h ∈ Huc(R)0 and 0 < t  1. It is easy to see that Ft(h) = F (h, t) is
uniformly continuous and satisﬁes d(Ft(h), id) < ∞, and hence is an element of Huc(R)0. To show further that Ft(h)−1 is
uniformly continuous, let ε > 0. We set δ = tε and take any y, y′ ∈ R satisfying y < y′ < y + δ and let x = Ft(h)−1(y) and
x′ = Ft(h)−1(y′). Then, 0 < t(x′ − x) < (1 − t)(h(x′) − h(x)) + t(x′ − x) = Ft(h)(x′) − Ft(h)(x) = y′ − y, hence 0 < x′ − x <
(y′ − y)/t < δ/t = ε. Therefore, Ft(h)−1 is uniformly continuous, which means that Ft(h) ∈ Hu(R)0 for h ∈ Huc(R)0 and
0 < t  1.
(2) As above, deﬁne H : M(R)0 ×[0,1] → M(R)0 by H(h, t) = (1− t)h+ t · id. This is again well deﬁned and continuous.
Then, we have Ht(h) ∈ H(R)0 for t > 0. The proof of this fact is straightforward. 
The relation between Huc(R)0 and H(R)0 is exhibited in the next lemma:
Proposition 4.4. The complement H(R)0 \ Huc(R)0 is homotopy dense in H(R)0 .
Proof. First notice that H(R)0 \Huc(R)0 is not empty, that is, there is a homeomorphism h0 ∈ H(R)0 which is not uniformly
continuous. An explicit example of such h0 is given by a piecewise linear homeomorphism h0 : R → R which is identity on
(−∞,0] and is linear on each intervals [n,n + 1/n] and [n + 1/n,n + 1] for n ∈ N such that h0(n) = n and h0(n + 1/n) =
n + 1/2 (n ∈ N). Deﬁne F : H(R)0 × [0,1] → H(R)0 by
F (h, t) = (1− t)h + th0.
Then, F is well deﬁned, that is, F (h, t) ∈ H(R)0. It is continuous, as in the proof of Proposition 4.3(1). We show that F (h, t)
is not uniformly continuous for t > 0. Since h0 is not uniformly continuous, there exists an ε0 > 0 such that for any δ > 0
we can ﬁnd x < x′ in R with h0(x′) − h0(x)  ε0. Fix any t ∈ (0,1] and let ε1 = tε0 > 0. Given δ > 0, there are x < x′ as
above. Then, it follows that F (h, t)(x′) − F (h, t)(x) = (1 − t)(h(x′) − h(x)) + t(h0(x′) − h0(x))  t(h0(x′) − h0(x))  tε0 = ε1.
This shows that F (h, t) is not uniformly continuous. Thus, we have Ft(H(R)0) ⊂ H(R)0 \ Huc(R)0 for 0 < t  1. 
Lemma 4.5. Each of the spaces M(R)0 , H(R)0 and Huc(R)0 has ω-LFAP.
Proof. The proof of Lemma 2.7 equally works for H = H(R)0 and H = Huc(R)0, and therefore H(R)0 and Huc(R)0 have
ω-LFAP. To show that M(R)0 has ω-LFAP, take an arbitrary open cover V of M(R)0 and take an open star-reﬁnement U˜
of V . By Proposition 4.3(2), there exists G : M(R)0 → H(R)0 which is U˜ -close to id. Let U be the open cover of H(R)0
deﬁned by {U ∩ H(R)0; U ∈ U˜}. We can repeat the construction in the proof of Lemma 2.7 for H = H(R)0 and its open
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H(R)0, but also in M(R)0. Again, this can be shown by the argument in the proof of Lemma 2.7. Indeed, if this family is
not locally ﬁnite in M(R)0, we can take h and h¯ in M(R)0 (but not necessarily in H = H(R)0), while g j and h j can be
taken in H. Then, we can obtain a contradiction by the same argument, since h¯ is still continuous at 0, though it may not
be a homeomorphism. If we let Gn = Fn ◦ G : M(R)0 → H(R)0 ⊂ M(R)0, then Gn is V-close to id and (Gn(M(R)0))n∈N is
locally ﬁnite in M(R)0. 
A continuous map f : X → Y is called a near-homeomorphism if for every open cover U of Y there exists a homeomor-
phism h : X → Y which is U -close to id. We can summarize the relation among the spaces discussed above as follows:
Theorem 4.6. The following hold:
(1) The spaces M(R)0 , H(R)0 and Huc(R)0 are all homeomorphic to ∞ .
(2) There exists a homeomorphism (H(R)0,Huc(R)0) ≈ (∞ × ∞, ∞ × {0}).
(3) The inclusions Hu(R)0 → Huc(R)0 and H(R)0 → M(R)0 are near-homeomorphisms.
Proof. (1) By Lemmas 4.1, 4.2, 4.5 and Theorem 2.6, these spaces are all homeomorphic to the Hilbert space of density 2ℵ0 ,
which is homeomorphic to ∞ by [9, Theorem 6.1].
(2) As seen in the end of the proof of Lemma 4.1, Huc(R)0 is closed in H(R)0. Therefore by Proposition 4.4, Huc(R)0
is a Z-set in H(R)0. Since both H(R)0 and Huc(R)0 are homeomorphic to ∞ , the assertion follows from the unknotting
theorem for Z-sets [7, §3].
(3) By Lemma 4.1 and Proposition 4.3, Hu(R)0 is a homotopy dense, Gδ subset of Huc(R)0. This implies that
Huc(R)0 \ Hu(R)0 is a countable union of Z -sets in Huc(R)0. Since Huc(R)0 is homeomorphic to the Banach space ∞
by (1), it follows from [8, 2.8] that the inclusion Hu(R)0 → Huc(R)0 is a near-homeomorphism. Similarly, the inclusion
H(R)0 → M(R)0 is also a near-homeomorphism. 
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